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Abstract 
Due to increase in population, income, or gross domestic product in the country, several systems that require fixed 
installations for user assistance, such as telephone and power services, port terminals, schools, water supply, among other, are 
subject to increased demand over time. Thus, the supply of services tends to undergo a process of saturation, and that will 
eventually create a need to expand their facilities over time.  Emergency care services, such as firefighters, ambulance service, 
police, transport of organs for transplantation, etc., can also face this same problem of excessive demand over time, up until they 
are not able to assist the population properly. The objective of this study is to determine the optimal time interval for the 
inclusion of new bases for the Fire Department in the city of Florianópolis, SC, Brazil. So as to minimize the cost of the current 
amount needed to provide future capabilities or to make the average waiting time to assist citizens affected by some emergency 
situation the shortest possible. New facilities are presumed to be added to the system capacity as soon as it reaches the point of 
saturation or when the average waiting time in the queue for assistance exceeds a maximum due time established according to the 
growing demand for services. The cost of unmet demand is not included in this study. 
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1. Introduction 
 
Within the studies of transport and logistics, capacity expansion models are mathematical routines that seek to 
determine a priori when a system is expected to expand, considering that it has reached its maximum service 
capacity and has thus reached its saturation point. They are divided into deterministic models, when the exact 
equation of demand growth is known, and probabilistic models, in which demand can vary around a trend line. 
Studies on determining the optimal time interval between capacity enhancements were started by Manne (1961), 
who considered demand growth to be a linear function. Srinivasan (1967) adapted Manne's process, assuming a 
geometrical growth rate. Freidenfelds (1980) added the queuing theory and studied the problem of capacity 
expansion as a random process of birth and death showing that it is possible to adapt the stochastic model of demand 
growth to a deterministic model. Taborga (1969), also by using stochastic processes, proposed a model to plan the 
development of seaports. Using mathematical programming, Novaes (1978) has developed an expansion plan in 
stages for a port terminal, by especially taking into account the costs of waiting and unmet demand. Models can also 
be used to predict the expansion of emergency care systems. 
 
2. Main idea 
 
Whenever the demand rises to the point where the maximum service capacity of an existing facility is reached, a 
new capacity is added. The excess demand behaves as an inventory saw tooth replenishment, where t t t0 1 2, , , .. . tn 
are time intervals in which a new capacity x is added to the system. If, for convenience, a physical unit of capacity 
and demand is adopted as equal to a year of demand growth, this toothed cycle will repeat itself every x years. 
Figure 1 shows the evolution of excess capacity over time, where such excess or available inventory is observed to 
be "consumed" with increased demand (Constant demand – Fixed intervals for inventory replenishment). 
 
 
 
When demand has the tendency to increase, which may be either linear or not, the problem changes and two 
options come up: The first would be to keep the capacity replenish lots at a constant size, with replenishment time 
intervals gradually decreased; and the second option would be to keep the time intervals for inventory replenishment 
constant, however, to always meet the demand, replenish lot size would have to be altered at each fixed time 
interval. Figure 2 illustrates this situation. 
 
17 João Carlos Souza /  Procedia - Social and Behavioral Sciences  160 ( 2014 )  15 – 24 
 
 
 Of course, an emergency care system is not a commodity that is consumed over time, if well maintained and 
supplied with basic equipment, it can last many years. If demand remained constant, without expanding, the system 
would not need to be increased over time. Typically, when an emergency care system is deployed, its service 
capacity is greater than the required demand, however, as population increases, the trend is that demand will 
increase as well and that original capacity excess will gradually be depleted to a point where the system becomes 
saturated and cannot properly serve the population. This is when a new capacity should be added to the system.  
 
2-1 Deterministic models: 
 
In general, the problems of capacity expansion take into account a projection curve of demand in time, which 
must be met according to a previously established quality level of service. At certain times throughout the project 
scope, a new facility is added to the system with capacity x. Investment costs are assumed to exhibit economies of 
scale, and can be represented by a function such as: 
 
I x k xa( )                                                                                               (1) 
 
With   0 < a < 1 and  k > 0.  For every t years the system should be revised, adding capacities x x xn1 2, ,...  in 
stages j = 1,2,..,n to ensure service quality level in accordance with previously established specifications. Demand, 
in turn, increases according to a D(t) function. Thus, in a given stage j of service offer, a capacity equal to x j  must 
be added to meet the increased demand D t D tj j( ) ( ) 1  up until a new system review is performed, on stage t j1 . 
 
To develop the mathematical model, some basic considerations should be observed: 
 
a) Demand varies with time. According to this case study, such variation can be linear, geometric, or even 
random. Normally the demand must present growth trend, because if it occurs otherwise, there would be no 
need to add new capacities to the system; 
b) The equipment is durable, ie, the capacity installed will only need to be replaced at the end of its useful life, 
in infinite 
c) The unit costs of capacity expansion are invariant over time;  
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Figure 3 outlines the adding of service capacity to meet demand over time.  By time t0, the existing facilities 
had enough capacity to meet the demand, whose limit is represented by point D0. At this point the service has 
supposedly reached its saturation level. A new x size capacity is added, which would meet the demand until point 
D0+x. Figure 3a shows a case of Capacity Expansion with linear growth demand, and Figure 3b shows a case of 
Capacity Expansion with geometric growth demand, wherein the time interval between the additions of new 
capacities is no longer constant, instead, it decreases over time. 
 
 
 
Manne (1961) initially treated the problem using a linear expansion of the demand, where capacity additions are 
all equal, i.e.,x x x xn1 2    ... . Where C(x) is the sum of all future costs discounted at zero date, the following 
recurrence equation can be written, considering time period x t  from zero date: 
 
C k x e C ta r t( ) ( )0                                                                       (2) 
 
Where r is the interest rate. If demand does not grow linearly, x can be replaced by x t I  (growth as a 
function of time), and, assuming it is a sufficiently long project,    C C t0 |  can be considered. By substituting in 
(2): 
 
C t k t e C ta r t( ) ( ) ( )         I                                                               (3) 
or 
C t
k t
e
a
r t( )
( )
 
 
  
  
I
1
                                                                                (4) 
 
 
By deriving equation (4) in relation to t and equalling to zero, we find the optimal interval between successive 
stages. For cases where the demand does not provide a function with linear behaviour, but with geometric growth 
rate, Srinivasan (1967) has proved that the C(x) function is as such: 
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Where g is a geometric growth rate of demand. The model is identical to the linear formulation, with only one 
correction in the coefficient of x, in the denominator. 
 
2.2– Probabilistic models: 
 
Manne (1961) has extended his results to the case in which the demand evolves in a probabilistic manner over 
time (Figure 3). Srinivasan (1967) and Freidenfelds (1980) have extended their results to other situations, mostly 
involving the geometric expansion of demand (Figure 4 a – Consider the expansion of service capacity when the 
system has variable demand but with linear trend growth and Figure 4 b – Consider the expansion of service 
capacity when the system has variable demand but with exponential trend growth). The methodology may also be 
extended to cases where the x expansions are equal (same capacity), with the t interval between the expansions 
varying over time. 
 
 
 
 this study, a discontinuity is determined to occur at all 't  time intervals. This discrete discontinuity has p 
probability of rising (constituting an increase of 'D  units in the demand) or probability q = (1-p) of falling'D . In 
terms of the Markov process we have: 
 
)(()( tttDtD H'                                                                        (6) 
 
Where D(t) is the demand at time Ht and t) is a random variable that can assume the values +'D  and -'D  with  
p and q probabilities, respectively. 
Using the Bachelier-Wiener diffusion process, described by Manne [1961], we find: 
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Where P is the mean and V is the variance of demand. Parameters p, q, 'D  and 't  take our study to a 
stochastic problem, where the total growth of D over a fixed period of t years is a random variable D(t). 
Furthermore, in the limit, for the case of continuous time and a preferential direction of growth, this process 
describes the adding of demand as a random variable that is normally distributed with mean tP  and variance t
2V .  
Using the theory developed by Manne (1961), we obtain a function that determines the time interval between the 
capacity expansion through the following equation. 
 
C x kx
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a
x
   
1 2O
                                                                                   (8) 
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Which is a function that can be minimized to obtain the optimal value of x. In this equation we may observe that 
the -r coefficient of equation (4) is replaced by 2O  (always negative) which, in turn, is a function of the mean and 
the variance of the demand. 
Freidenfelds (1980) has developed for the second term of the divisor of equation (4) an expression that leads to a 
transformation of the probabilistic problem into an equivalent deterministic problem: 
 
 E e er td r d g[ ] ( / )                                                                                      (10) 
 
Where td is the random time when the demand will reach a d level, at which a new capacity will be added to the 
system; eg, which can be understood as an equivalent growth rate of a stochastic demand transformed to a 
deterministic demand, such as the following: 
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2.3-Model when taking into account waiting time 
 
The average waiting time for users of a transportation system to be assisted can be estimated by a queuing model 
with a given arrival and assistance rate. Assuming that the arrival of the users in the system occurs as a Poisson 
process, with a rate of O users per time period. This rateO can be adjusted to a Poisson distribution through the 
recurrence formula: 
 
P
n
Pn n 
O
1      (12) 
 
With P0 = e
O  and Pn representing the probability of, exactly, n users arriving at the system in a previously 
established time interval. 
The greatest problem is to establish the distribution that best explains the service rate of the system, due to the 
wide range of services requested. This broad distribution is between the deterministic distribution, with Cv variation 
rate equals to zero, until the exponential distribution, with coefficient of variation equals to the unity. 
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Where:  
Cv is the coefficient of variation of the distribution; 
 E[x] is the expected value of the average time for assistance  
 Vx is the standard deviation of the distribution. 
It is therefore necessary to determine the general distribution that corresponds to the process of assistance 
(loading or unloading) of vessels arriving at the port. For queues with arrivals governed by a Poisson process and 
only one position of service, the Pollaczek-Khitchine equation is very practical to calculate the average waiting time 
in the queue. This equation is valid for any distribution of time of assistance, whenever there is only one service 
station and arrivals constitute a Poisson process. 
Let Obe the average arrival flow measured by the number of elements per unit of time. Let E t T> @   be the 
average time of assistance and Vt its standard deviation. The congestion level of the system is given by: 
 
U O O  
1T
T          (14) 
 
And assuming that U is lower than unity in order to ensure the stochastic balance of the queue. 
The average waiting time in the queue W q  can be defined as: 
 
W q Cv t 

U
O U
2
2
2 1
1
 
>   @     (15) 
 
For constant time of assistance, we have Cv(t) = 0; for time of assistance governed by exponential distribution, 
we have Cv(t) = 1. It appears, therefore, that the average waiting time for the second case is twice the value found 
for the first case. This result is obviously only valid for arrivals governed by a Poisson process, with a single service 
position. However, in the problem of expansion of a transportation system, there is usually not only one service 
position, but m positions. To find a solution for this problem, an empirical formula was adapted to the formula of 
Pollanzek-Khintchine, assuming m service positions:  
 
W A B Cv tEG #    
2      (16) 
 
Where: WEG  is the average waiting time in queue for a general distribution of time of assistance. 
 
A  

U
U2 1 
 if m = 1  and   A WED  if m > 1 , 
B  

U
U2 1 
 if m = 1 and B W WEM ED    if  m > 1 
 
Where: WED  is the waiting time in a queue with constant time of assistance, and WEM  is the waiting time in a 
queue with service governed by exponential distribution. 
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To determine the values of WED  and of  WEM  we have the following formulas: 
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Where S0 is the probability of there being no emergency call, given by: 
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j is the number of elements in the queue. 
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Since O is a function of time, O = f(t), equation (17) also becomes a function of time, WEG = f(t). By establishing 
a permissible average waiting time (TEM), it is possible, through methods of optimization, to determine the time 
interval in which the expansion of the system under study should be provided.  
 
3 - Practical application: expansion of the fire department emergency care system. 
 
For the purposes of a case study, the assistance service of the Fire Department of the city of Florianópolis in 
Brazil has been examined. The city was divided into 10 districts and a monthly survey of all emergency calls 
received within a period of four years was conducted, with the recording of approximately 21,000 occurrences. 
The fire department's periods of time spent on assistance were also assessed. In order to do so, samples of 400 
individual occurrence reports were analysed. From this sample, it was possible to find the average time of travel and 
the average time spent on the instances, for all districts. By knowing the average distances and travel times, it was 
possible to indirectly determine the average travel speed of emergency teams in all districts. 
A significant variation at every month was noted through the plotting of emergency call data on a graph, by the 
very characteristic of the problem of having rather large randomness. When a regression curve is adjusted, we see a 
clear trend of growth but with high dispersion of points and, consequently, with a very large month to month 
variation, which complicates further projections. In the face of such drawback, we chose to use a moving average of 
12 months, which results can represent with greater robustness the growth trend of occurrences; i.e., they provided 
for a more easily calibrated curve in which the data projected to the future are much more reliable. 
Several distributions were tested for the calibration of the demand expansion curve: Linear, logarithmic, 
polynomial, power and exponential trend lines. The latter, as expected, presented the closest square correlation 
coefficient to 1, and was therefore chosen. These calibrated curves are very important because they allow you to 
make projections with greater reliability. It would not be reasonable to produce a projection of the system based on 
the peaks or valleys in the curves, due to the risk of oversizing or undersizing it.  
With the time periods and the distances between districts and the fire department units currently in place, it was 
possible to infer the average speed of vehicles for each destination. These time periods also served as basis for 
evaluating the average service capacity of the vehicles, i.e., considering the time spent in each situation, it is 
possible to calculate how many calls on average each unit could respond to in a daily basis. 
Since the models of this work included a constraint in which the system would work with low probability of 
queue, we considered the response time as the parameter for evaluating the performance of the system, ie, since the 
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vehicles are distributed so that the calls can be answered quite fast, there is little possibility of two calls coming in at 
the same time, thus, most of the time, the units remain idle.  
Nowadays, the average response time of the different districts of the system ranges from 15 to 55 minutes. This 
value is supposed to reach an average of 15 minutes, at the most, for all districts, with the new distribution of units. 
One can consider this time as acceptable. The average response time was determined based on the average speed of 
vehicles and the distance they must travel. 
As for the possibility of queuing, in most developed countries, the fire department units remain under readiness 
in barracks for about 94 % of the time, which means they are occupied on average only 6 % of daylight hours. In 
this work, the fire units capacity of assistance were considered to be saturated when there is a probability that is 
equal to or greater than 10 % of queuing to occur. Therefore, the system was considered to be operating 
satisfactorily if in 90 % of the time when emergency calls are processed there can be vehicles available in the unit. 
The average arrival rate in the queue O was calculated based on the projections of demand curves.  
The citizen was considered to have been assisted only when the vehicle reached the location of the scene. For the 
purpose of the queuing process, the service rate or daily assistance rate P adopted is the average travel time for 
teams to roam the average distance between the unit and the scene with the speed inferred by the survey data, plus 
the average time spent at the scene. 
Due to the restrictions of maximum response time and maximum possibility of queuing, the number of vehicles 
to be included in the system shall be no longer an exogenous datum, because those demands must be met. 
As a result of the model, according to table 1, it was concluded that the system should be reviewed after 42 
months from the current date. In other words, if the current distribution of units from the Fire Department and the 
trend of increasing demand for emergency care remain as it is, in 3.5 years the system will reach saturation and will 
no longer meet the population's demand satisfactorily. Before this limit date, studies on the expansion of the system 
should be carried out, to guarantee the good quality of their services. 
 
Table 1 - Data processing results for entry into the temporal allocation program 
 
District Monthly average of occurrences (P) 
Standard 
deviation (V) 
Travel time 
(min) 
Working 
Time (min) a b 
Daily average 
of occurrences 
Centro Norte 60.36 4.34 6.90 35.9 53.917 0.0074 2.33 
Centro Sul 58.73 4.48 6.50 35.5 52.063 0.0078 2.28 
Estreito 92.52 5.24 9.40 38.4 84.413 0.006 3.47 
Trindade 66.00 5.28 7.30 36.3 55.627 0.0148 3.11 
Capoeiras 51.14 5.21 7.50 36.5 43.649 0.0102 2.08 
Palhoça 31.15 5.05 10.60 39.6 26.334 0.0104 1.26 
Campeche 16.31 0.87 13.90 42.9 16.425 0.0006 0.54 
Jurerê/Ratones 39.99 1.90 12.20 41.2 38.948 0.0017 1.38 
Kobrasol 70.01 8.81 9.70 38.7 55.627 0.0148 3.11 
C. Grande 50.75 8.38 12.50 41.5 37.242 0.0197 2.47 
Note: a and b are the coefficients of the exponential function that represents the variation of demand: y ae
bx  
 
4 -  Conclusion. 
 
Taking into account the trend of the demand, the problem of capacity expansion can be solved mathematically 
through various processes. The greatest difficulty is to determine the behaviour of demand, since it requires a 
reasonable amount of consistent and reliable data. In Brazil, there are little statistics that allow for a direct regression 
analysis, so it is necessary to take into account several other indirect factors related to the problem in order to obtain, 
with relative accuracy, the next real demand function to be used in mathematical models.  
To conclude, there is a major lack of methodologies aimed at improving services for emergency care, especially 
in poorer countries, where there is limited availability of reliable statistics, making it difficult for researchers to 
examine it. The university might thus create simple, practical and efficient mechanisms to optimize these systems 
and present them to society, who will, ultimately, decide whether the proposed solution to minimize the problems is 
relevant or not, taking into account that resources are always scarce and the option to use them in a project will 
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avoid the spending of funds available, that can be used for other projects and actions.  The use of methods from the 
decision theory should be recommended as an alternative, in which several scenarios are associated with probability, 
allowing for a more precise demand profile and of its probabilistic variation. 
The model showed good results, distributing vehicles in a way to provide lower response time when assisting the 
emergency situations in urban areas. As expected, in the example for the case study, the distribution favoured 
districts with a higher probability of accidents.  
The Fire Department deserves further studies addressing its operation, to continue providing efficient and safe 
services for the people in the city. The methodology proposed in this present research can also be used for other 
municipal services, where it is necessary to make both spatial and temporal distributions, of facilities or equipment 
in a particular area, just by changing input variables, which are modified in each case. 
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